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In our society to be a mathematician is to be lonely. 
Mathematics is now so vast, and so specialized, that few people 
work in the same ar~a of research, hencE1~ ' when after long, hard 
effort you find a new resu14, write the corresponding paper, get it 
accepted (after several revisons), and finally · published, you 
realize that only you, the referee, and possibly a friend have ever 
read it carefully. As a result, at meetings mathematicians ' tend to 
gossip more than most groups since there is little else they can 
say except gossip. 
It is just about as lonely socially. At a dinner party, for 
example, when the lady next to me asks what I do, and if I reply, 
"I am a mathematician." U: generally get the response, "I never 
could do mathematics." I am then often t empted to ask, "Was that 
bragging or confessing, since -hhe tone of your voice implied 
bragging when you should have been confessing?" There seems to be 
a general belief that to be able to do mathematics, which they 
generally identify with arithmetic, implies a coarse form of mind, 
one not able to appreciate the finer things in life, as, of course, 
the speaker can. There is simply little or no understanding of 
what modern mathematics is about, the central role it occupies in 
our culture, nor how it does it. 
Many mathematicians claim mathematics is the greatest of the 
arts, and this strikes most people as ludicrous. The argument goes 
along the lines that all the other arts are limited by the 
materials they use; the colors available in the one octave of light 
humans can see, the sounds that can be made by instruments and 
heard by humans, the shapes that can be made in merely three 
dimensions, etc. But mathematics is limited, so the claim goes, 
only by the human imagination. Even the idea that mathematics can 
be beautiful is a new concept to most people you meet, yet in 
conversations with mathematicians they constantly refer to 
beautiful theorems and elegant proofs. Some famous mathematicians 
have gone so far as to say that only beautiful mathematics is 
mathematics, the rest is a perversion of it. Euclid alone has 
looked on Beauty bare. ' I 
l. 
There are many brands of mathematicians, going from the purest 
who disdain the very thought that what they do could possibly be 
useful, to those who find their sole inspiration in practical 
applications. Most, of course, fall between the two extremes, and 
of late the purest have tended to be quieter than in the past. 
The variety of mathematicans is so great there is no typical 
description which will cover all of them. The image of an absent 
minded professor is true of some, but many are well connected with 
reality. 
Most mathematians are Platonists at heart, they believe in the 
reality of Plato's world of ideas. Where else does the idea of the 
number seven exist? One sees seven horses, seven books, or seven 
buildings, but the pure number seven is not apprehended by any of 
our five senses; it exists, if at all, in the world of ideas. Even 
Euclid's triangles are ideal and not physical triangles. The 
Platonists tend to believe all of mathematics exists in some 
Platonic space, for all of the time since the "big bang'', and the 
theorems will persist long a f ter t he human race, the solar system, 
indeed the very galaxies we now see, ha ve long vanished. Thus 
mathematicians tend to speak of discovering a theorem, not of 
creating one. A few mathematicians do worry about what they mean 
by "exist" when they use the word, but most ignore the question 
entirely. A famous mathematician once said, "God made the 
integers, the rest is the work of man." In a sense he was 
admitting the standard postulates, which are often used to define 
the integers, do not create the integers, rather the integers were 
there long before the postulates. 
This question of the right to define things as one pleases, 
which tends to be assumed by the purer types, is a vexing one. 
Alice and Humpty Dumpty disagreed; Humpty Dumpty said a word meant 
what he said it did and nothing more nor less, while Alice doubted 
the f r eedom to define things arbitrarily. In the past definitions 
generally arose first from concrete experience, were then 
abstracted and later refined again and again until they lost their 
original close connections with reality. The redefinitions are 
usually formed to make the pr oofs o f desired theorems possible, not 
to capture "reality" more accurately. Thus originally the 
def ini ti on of continuity arose from the experience of drawing 
curves without lifting the pen or pencil. For the convenience of 
mathematical proofs it was later changed so now continuous curves 
"exist " which have no direction at any point along their path! 
If you ask what mathematics is, a mathematician will often 
reply with the humorous, "Mathematics is what mathematicians do, 
and mathematicians are people who do mathematics." Other 
definitions are, "Mathematics is simply clear thinking." which is 
not bad, and "Mathematics is a way of getting from here to there 
with out benefit of thought." Like most fields there is not a 
satisfactory definition. 
When pressed on their Platonic beliefs of the prior existence 
of mathematical entities, many mathematicians will abandon their 
Platonic position entirely and take refuge in the claim of the 
formalist's school that mathematics is merely the formal 
manipulation of symbols which have no intrinsic meaning. This 
approach was clearly stated by Hilbert ( 1862-1943), one of the 
greatest of modern mathematicans. He wanted to make mathematics 
rigorous. To paraphrase Hilbert, "When rigor enters, meaning 
departs." To be rigorous we must remove all prior subjective 
beliefs and only use the carefully stated assumptions that have 
been made, so he claimed. In a completely rigorous proof the 
strings of symbols are only to be replaced by other equivalent 
strings of symbols. This claim is highly defensible, but hardly 
realistic, though it is extremely popular with the artificial 
intelligence people since that is what computers do par excelence, 
and only that. In defense of this meaningless symbol approach by 
Hilbert, as well as later by Turing, they were trying to do what 
may be called metamathematics, to prove things about the nature of 
mathematics itself using mathematics! The famous Godel theorem, 
that in a very real sense they could never prove the 
selfconsistency of mathematics, more or less ended this approach. 
At one time there was a popular school of thought that 
mathematics was merely a branch of logic, that mathematics could be 
deduced from logic. Whitehead and Russell made a valiant attempt 
to show this in a famous three volume Principia of Mathematics, in 
imitation of Newton's Principia. But generally speaking, while 
they did much that was useful, their approach has not been widely 
accepted. It was simply too artificial to be believable by most 
mathematicians. Russell once made the famous remark, "Pure 
mathematics consists entirely of assertions to the effect that, if 
such and such a propositiion is true of anything, then such and 
such another proposition is true of that thing. It is essential 
not to discuss whether the first proposition is really true, and 
not to mention what that thing is, of which it is supposed to be 
true." This reveals the sterility of the purist's approach. The 
failure of the logician's approach perhaps hurt more than the other 
approaches because of their firm belief in the fundamental truths 
of logic. 
In opposition to the logicians there arose the intuitionists 
school who dismissed the rigorous approach of the formalists and 
logicians. After all, they argued, "Since we have had a constantly 
rising standard of mathematical rigor, can we believe we now have 
any rigorous proof that the future will not find holes in?" It is 
hard to believe we have suddenly reached the ultimate in rigor. 
Among other things, the intuitionists dismissed the classical proof 
pattern that something is or is not; they claimed there were things 
which were neither, that all things were not either tall or short, 
fast or slow, big or small, true or false. In following out their 
program so much of traditional mathematics is lost that it has not 
become a popular approach, though there are still a few 
missionaries vigorously promulgating the doctrine. 
c. 
With the rise of computers the computability shoal of 
mathematics has become slightly more popular, though it is'still a 
minority. From Logic there gradually arose in several forms of 
computability, which were later seen to be equivalent. The concept 
of computability comes from what can be computed with symbols, and 
what cannot. Turing devised his Turing machine on paper and proved 
that almost all of the classical real numbers in the interval 0 to 
1 cannot be computed, that there are only a countable number of 
such numbers. The other numbers can never be described by an 
algorithm by anyone, ever, so what good are they? But it should be 
noticed the computable number approach replaced the number 
representation, which the average person thinks is the number 
itself but is only a representation, by an algorithm that would 
both get as many digits of the number as required, and would also 
hal t since algor ithms are required to be a finite string of symbols 
on a computer tha t will ultimately come to a halt displaying the 
answer is some form. 
Finally, t here is the constructivist's school of mathematics. 
The i r claim is, "It is not sufficient to prove if something did not 
exist then there would be a contradiction, hence it must exist." 
Ins t ead they demand a way be given of directly constructing the 
mathematical entity. This approach has become more popular with 
the rise of computers as that is what computers can do best. The 
constructivists tend to limit the real numbers to those which can 
be defined by a program which will construct them, and deny the 
existence of almost all the real numbers of the conventional 
mathematician, thus eliminating a large part of pure mathematics; 
it has little or no effect on algebra, geometry, and the calculus. 
In practice most mathemat i cians ignore all philosophy and 
simply do mathematics as they sense it. As a result there are 
different standards in various areas, but there is much more 
consistency than you might at first expect. Yes, much like the 
other arts we have our extremists, such as the Bourbaki school of 
forma lists which is now pretty well ignored, and we have the 
purists who re j ect all reality and claim the freedom to do as they 
please without regard to society's claims, but with the current 
budget crunches, and probably even more in the near future, there 
is a gradual reassessment on the parts of many that we had best pay 
some attention to the needs of the society from which we get our 
support to live. In all the arts and sciences it is the lunatic 
fringe you mainly read about in the press because the press prints 
what they think will sell without regard to truth. The majority of 
practioneers seem to realize the older approach, "We are free to do 
as we please without regard to anyone." will slowly, or rapidly, 
remove the government support upon which they depend for their 
livelihood. 
Much as we wish to have rigor in mathematics, the formalists 
approach failed not only because it was not possible to carry out, 
but also because it is merely the hygiene of mathematics and not 
the creative source. Furthermore, if the original strings of 
symbols have no meaning then the resulting theorems can have no 
meaning, nor can any one connect anything with the real world; 
there has to be an intuitive understanding of the assumptions 
before it has any meaning, and unfortunately we do not know what we 
mean by the word "meaning". 
Meaning is a tricky thing. How do words acquire meaning when 
it is obvious the dictionary must be circular and define words in 
terms of other words? There is the well known story about the girl 
who thought the hymn in church with the words, "Gladly the cross 
I'd bear." meant "Gladly, the crosseyed bear." Most of us can 
remember similar flagrant misunderstanding in our youth; we did not 
understand what was meant. How we get from the meaningless 
symbols, spoken or written words, mat hematical symbols, etc. to the 
corre sponding mean i ngs is a mystery, but we do it fairly 
effect ively, but not perfectly. 
As a result many of us have set t led for the glib statement 
that mathematic al rigor is a s ocial l y acceptable standard of the 
moment and of the group, and it is not absolute. This is not 
acceptable to most outsiders who want mathematics to deliver 
certainty. For example, this trouble arises constantly in trying 
to prove that a computer program to be run is certainly correct, 
using mathematics as a method of proof. Many computer experts, at 
least those who have thought about the topic, realize in reality 
they can never prove a reasonably complex program is exactly 
correct, but society still demands what cannot be delivered. 
Galileo ( 1564-1642) said, "Mathematics is the language of 
Science. " Mathematics provides the tool for the symbolic 
manipulation of reality, and as such it is increasingly important 
in our highly complex, technical society. In many areas we can no 
longer plan by intuition, hunch, o r trial and error; we must have 
rather precise knowledge before we begin the expensive operation. 
The method of the past, which used large safety factors, is no 
longer adequate; in aeroplanes and space flight, for examples, 
safety factors escalate rapidly from barely possible to totally 
impossible; a slight increase in weight here means more strength 
needed the r e which means st i ll more weight, and this cascades 
throughout t he design and even comes back to the original slight 
increase to make it still larger. Hence the increasingly dominant 
role mathematics plays in our evolving society, we need fairly 
precise knowledge of what we are going to do before we do it. 
Computers are an aid of course, but they do not replace thinking 
and understanding of what we are doing, or going to do. 
Mathematics simply will not go away, much as many people wish it 
would, rather the need for it will steadily increase as our society 
becomes increasingly involved in elaborate technical things and 
social structures. 
The relationship between mathematics and computers is one of 
a good deal of hostility. The recent proof of the four color 
problem by the use of a computer program to carry out the many, 
many details, has met with opposition from some mathematicians who 
argue there could be an error in the program, little remembering 
the human mind is probably more failable than is the computer 
program, as well as the many false proofs humans have produced in 
the past, including long ago a false proof of the same four color 
problem itself! Some mathematicians, generally the younger ones, 
have embraced the computer as another tool to be used to carry out 
mathematics, while many older ones have simply retreated from any 
contact with computers. 
There have been many attempts to do mathematics on computers, 
and there are many programs which manipulate symbols according to 
standard rules and are not only faster than humans but more 
accurate and free from boredom. Interactive mathematical programs 
are very us e ful in their place, but they do not get at the creative 
part, t he understanding of wha t it all means. The artificial 
intelligence people have tried and tried to get the understanding 
and creative parts of mathematics into their programs, but in spite 
of many claims to have done so, the record so far is dismal indeed. 
We simpl y do not know more than superficially what we mean by the 
word "understand", hence we do not know how to write a program to 
do it. At t empts to 9et computers to do it by other means than 
direct programming have so far failed, again in spite of claims to 
the contrar y which are regu l arly made. 
Whi le we have generally clung to the statement that all parts 
of mathematics are, or will be in time, useful, we regularly use 
words which indicate we have a deep value judgement in mathematics. 
Of course it varies from mathematician to mathematician, and with 
time, but we keep saying, "a deep theorem", "a trivial result", "an 
important theorem", indicating we do in fact make value judgements. 
But like the other arts there is not a unaminous agreement . / 
Unfortunately we do not have the significant class of critics(,,........-
which the other arts have to guide them i n the matter of taste, so 
we must each of us make our individual judgements on the matter of 
value of our work. 
I was trained as a pure mathematician, but work on the atomic 
bomb and l a t er 30 years in i ndustry, converted me, more or less, to 
putting a large value on the usefulness of the mathematics I do. 
As a r e sult , as I look around the world I see many places where 
mathemat ics has made things possible, or better, or cheaper, and 
many of them I was partially involved in. I am well aware many of 
the things we value rest on a solid base of mathematics . Hospi tals 
are filled with highly technical equipment which is generally 
considered to be a great blessing to those needing medical 
attention . 
The telephone, radio, and television are integral parts of our 
lives. And in creating these things we have done a remarkable feat 
of information hiding. The user of the telephone knows the simple 
interface and how to use it, but what is behind it is, generally 
speaking, entirely unknown. Indeed, the simple fact the telephone 
system has built into its nature a dis-economy of scale is unknown. 
If you have ten subscribers and want to connect in an eleventh, 
then there are ten new connections that must in some fashion be 
provided. The more phones there are in the system the more 
interconnections must be provided for the next new subscriber! It 
has been a tremendous technological feat, involving much 
mathematics at all levels, to cope with this basic dis-economy of 
scale as the system interconnections have expanded to cover the 
world. Similarly, the TV has an interface we use easily, and what 
is behind i t can be safely ignored by most people. 
Computers are currently struggling to achieve a similar system 
of information hiding, but there they run against the obvious fact 
the more things a tool can do for you the more information you must 
.. 
supply to select the one yl want. The older generation limps 
along; much of the younge· · generation easily learns to handle 
computers. After all, it i ell known most old people cannot run 
VCRs while children can do it easily! In some sense the solution 
with computer literacy is to simply outlive the older people. In 
time, when most of the present generation of professors of 
mathematics are gone, the students wil l learn to use computers to 
do much of their mathematics. The older professors worry about the 
difference between education and training; the younger go ahead 
with letting the students u~e the computer as a new tool. 
To gain a perspective let us look at what an education was in 
the days of England's great expansion. Higher education was mainly 
learning to read Latin, write Latin, compose poems in Latin, and 
know the classical authors. They also had a smattering of Greek. 
With this education they went out and created a vast empire. Our 
present educational system has almost no overlap with this. With 
lap top computers and the storage of vast amounts of data, (facts), 
and methods of processing it, (programs), readily available to the 
student, what sense is there in much of what we now teach:~ 
Surely we should be preparinq our children for the world they will 
live in, and not the one we t~ived in. 
For example, how usefuk will handwriting be in the future in 
the form of our script notati9n? If we taught only printing of the 
letters, which have the same ' form as the print we read, would not 
the saving in learning to recognize the arcane form of the letters 
in handwriting plus the time to learn to actually write them, 
greatly exceed the time lost in the slower printing we might have 
to do in our entire lifetime? 
I have given only the slightest indication of the content of 
the future general education which will be needed, and be practical 
to teach. At the college level the greatest block to getting to 
the future is the presently installed professors. Not merely the 
humanities professors, but the technical ones as well! They will 
go on insisting what they learned and the way they learned it are 
the proper things to be taught in the preparation of the students 
for the student's futures. Jteft _while I can see the future but 
dimly I am fairly sure mathematics in some form will be essential, 
if the individual is to understand the world they will live in. 
